The optical gain-depletion-induced mode-locking dynamics of a semiconductor optical-amplifier-based fiber ring laser (SOAFL) backward injected by a purely sinusoidally modulated or digitally encoded distributedfeedback laser diode are theoretically and experimentally demonstrated. The effect of gain depletion and waveform on the mode-locked pulse width, pulse shape, and power of the SOAFL are interpreted from theoretical simulations. The shortest pulse width of 12 ps can be generated from an optically sinusoidal-wave-modulated SOAFL. By backward injecting the SOAFL with a digitally encoded optical signal of adjustable duty cycle, one can observe the optimized gain depletion time of 400-600 ps required for mode locking the SOAFL.
Introduction
Gain and loss modulation are well-known techniques for achieving mode locking in versatile lasers. A loss-modulation technique that uses a bulk or integrated electro-optic modulator has produced actively mode-locked erbium-doped fiber lasers (EDFLs) [1] [2] [3] [4] [5] with picosecond pulse widths or ultrahigh (30-160-GHz) repetition rates. However, the EDFL cannot be gain modulated because of its extremely long carrier lifetime (as much as several milliseconds). Alternatively, semiconductor-optical-amplifier-(SOA-) based fiber lasers (referred to hereafter as SOAFLs) can overcome this drawback because they have subnanosecond carrier lifetimes [6] . The direct gain modulation of a SOA by periodic control of the driving current was employed previously as the main means to mode lock SOAFLs: The mode-locked pulse formed behind the externally injected pulse when the recovered gain exceeded the cavity losses. Later, all-optical gain modulation of SOAs by periodic depletion of their gain through forward optical injection was performed. In particular, Patrick [7] demonstrated an actively rational-harmonic mode-locked EDFL with 8. 4 -ps pulses at a repetition rate of 20 GHz by using an all-optical modulated SOA as a mode locker. In this approach, the SOA was operated in a high-gain condition and was gain depleted by a high-power mode-locked laser diode, resulting in complicated phase and amplitude modulation of the light circulated in the EDFL. Similar experiments were also implemented by gain depletion of the SOA by use of a gain-switched and pulse-compressed distributed-feedback laser diode (DFBLD) [8, 9] , generating a mode-locked pulse width of 4.3 ps in such a cross-gain-modulating configuration. The SOA acted as both the gain medium and the modulator in the techniques described above, whereas the mode locking was initiated after fast periodic gain depletion and relatively slow gain recovery in the SOA during strong pulse injection. The injected optical pulse results in a temporally short gain window, which must be adjusted at wavelengths different from those of the mode-locking pulses. The optical injection was subsequently filtered out to prevent the occurrence of regenerative amplification in the SOAFL. More recently, higher-repetition-rate (up to 40 GHz), shorter-pulse-width (1.8-ps), and wider-wavelength tuning ranges (~20 nm) were obtained from SOAFLs by use of an all-optical modulating technique [10] [11] [12] . Notably, multiwavelength channeled output has also been reported [13] .
Cross-gain modulation can also be achieved by forward or backward injection of the SOA in a low-biased (or near threshold) condition with a periodically (sinusoidal wave or pulse) modulated laser source, which can also induce gain-depletion (or loss) modulation as well as mode locking of the SOAFL at various wavelengths. The injection rate is therefore sufficiently high to saturate the SOA and to deplete its excited-state electrons. In this case the SOA can be employed as a loss modulator for an EDFL or a SOAFL with a separate constant-gain medium. We have studied experiments on cross-gain-modulation-based mode locking of SOAFLs in detail, but we found few analytical or simulated approaches to this phenomenon. In particular, a comparison between sinusoidal-wave-and pulsed-injectioninduced cross-gain modulation was not described. By contrast, we report here both a theoretical simulation and an experimental demonstration of a mode-locked SOAFL by use of a backward-optical-injected SOA as a loss modulator. A theoretical model to explain the effect of a modulating waveform on the mode-locking performance of a SOAFL is reported. Various mode-locking results of the SOAFL with sinusoidal-wave and pulse-modulated SOAs, and their correlation with the gain depletion dynamics, are also discussed and compared. The buildup of a harmonic-mode-locked SOA fiber laser is accomplished primarily by backward injection of the SOA with a digital-transistor-transistor-logic-(TTL-) encoded DFBLD. One can determine the shortest gain-depletion time required for buildup of harmonic mode locking of a SOAFL by adjusting the duty cycle of the TTL signal. The optimized pulse widths of the mode-locked SOAFL at various repetition frequencies are also reported. Figure 1 illustrates the backward-optical-injection mode-locked SOAFL system, which consists of two traveling-wave-type SOAs with a saturation gain of 21 dB, a 1.3-µm butterflypackaged DFBLD with a central wavelength of 1309 nm at a temperature of 15 o C, an optical circulator, two Faraday isolators, and an optical coupler with a power-splitting ratio of 95:5. The first SOA, which is dc biased slightly above threshold (72 mA) is backward injected by the sinusoidal-wave-modulated or digitally encoded DFBLD, whereas the second SOA, which is dc biased at 142 mA, is employed to offer constant gain without any modulation. In principle, the first SOA functions as an optically controlled loss modulator. To compare the mode-locking performance of backward-optical-modulated SOAFLs, we either sinusoidally modulate or gain-switch the DFBLD at 1 GHz, using a rf synthesizer (Agilent E8257C) with a power amplifier of 40-dB gain. The biased current and the rf modulation power of the DFBLD are optimized at 65 mA and 9.5 dBm, respectively, to ensure linear sinusoidal-wave modulation with high modulation depth (d ≅ 3.5). The average power of the sinusoidally modulated DFBLD that has been injected into the SOAFL is as much as 9.5 dBm. The optimized extinction ratio of the modulated DFBLD is approximately 75%, whereas a residual continuous-wave lasing power of 3.5 mW is observed. An extinction ratio of >90% is unavailable in the present experiment because the nonlinear modulation of DFBLD is initiated at a larger rf power. To compare the mode-locking results, we adjust the peak power of the DFBLD in gain-switching mode to be identical to that in the sinusoidalwave-modulation condition. The modulation depth and the output pulse width of the gainswitched DFBLD are nearly 100% and 20 ps, respectively. The DFBLD backward injects the SOAFL via an optical circulator. The use of isolators in the SOAFL ensures the unidirectional propagation of light and prevents lasing of the seeded DFBLD signal in the SOAFL. The overall insertion loss of these passive components added into the SOAFL is less then 2 dB. The high output-coupling ratio of the SOAFL leaves relatively low power circulating inside the fiber ring, thus increasing the sensitivity of the SOA to high-repetitionrate injection signals and preventing the saturation of mode-locked pulses. The cavity length was 21.16 m, corresponding to the fundamental frequency of 9.45 MHz. Consequently, harmonic mode locking of the SOAFL is achieved when the modulation frequency of the DFBLD coincides with any one harmonic longitudinal-mode frequency of the SOAFL. The central wavelength and the output power of the DFBLD backward-injection mode-locked SOAFL are 1306.5 nm and 10 mW, respectively. The SOAFL output is monitored with an optical powermeter (ILX Lightwave, OMM-6810B). The peak amplitudes and pulse widths of mode-locked SOAFL pulses are measured with a digital sampling oscilloscope (HP 86100A+86116B; f 3dB > 53 GHz, t FWHM = 9 ps). For gain-depletion time analysis, the DFBLD is digitally encoded by TTL word patterns (from a HP 71612B pattern generator), with the temporal length changing from 125 ps to 1 ns (see Fig. 10 , below).
Experimental setup

Theoretical model
A traveling-wave rate-equation model [14] was constructed to simulate the mode-locked SOAFL's pulse shape that results from amplified spontaneous emission. However, the counterclockwise parts of the traveling-wave equations were neglected because the SOAFLs propagate unidirectionally. Both the mode-locking-and the backward-injection-induced gaindepletion effects were considered in the simulation. The SOA was spliced into 40 sections, and the asymmetric gain characteristic of the SOA was taken into consideration. The differential rate equations for the carrier density in the j th section of the SOA (denoted ∂N j /∂T), and the propagation equations that describe the time-varied powers of the modelocked SOAFL and the backward-injected DFBLD signals (denoted ∂P m /∂T and ∂P s /∂T), are
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where the subscripts m and s denote the parameters for mode-locked SOAFLs and modulated DFBLDs, respectively. Moreover, N j denotes the carrier density in the j th section of the SOA, T (=t -z/V g , where V g is the group velocity in the SOA) represents the time in a reference frame moving along with the pulse, I is the injection current, V denotes the volume of the SOA, q represents the electron charge, ω h is the photon energy, and A cross denotes the crosssectional area of the active layer in the SOA. The spontaneous-emission lifetime is defined as
-1 , where A, B, and C denote the nonradiative, the bimolecular, and the auger recombination coefficients, respectively. Additionally, the position-dependent modelocking and backward-injecting powers are also expressed by Eqs. 
,
, __ (
In Eqs. (4a) and (4b), ,
, ∆L denotes the length of each SOA section, and P m, i+1 and P s, i-1 represent the backward-injecting power output from the (j + 1)st section and the mode-locking power output from the (j -1)st section, respectively. Meanwhile, a pair of cubic formulas is employed to describe the asymmetric gain of the mode-locked SOAFL under conditions of backward-injection modulation; that is,
where α 1 denotes the differential gain coefficient, α 2 and a 3 are experimentally determined constants that characterize the width and asymmetry of the gain profile, N 0 represents the transparency carrier density, λ Ν = λ 0 -α 4 (N -N 0 ) is the corresponding wavelength for peak gain, and α 4 denotes the empirical constant that shows the shift of the gain peak. The output from the first SOA is subsequently amplified in the second SOA that is simulated by use of similar equations. 
Results and discussion
Backward sinusoidal-wave injection of a SOA
First, the sinusoidal-wave-modulated DFBLD was backward injected into the former SOA (driven at 72 mA) for loss modulation and the other, constant-gain, SOA (needed as the gain medium in the SOAFL) was driven by 142 mA. As the DFBLD power was increased from -1 dBm to 9.5 dBm, the mode-locked SOAFL pulse width shrank significantly, with its peak power increasing from 5 to 8 mW. In principle, the mode-locking pulse width (t FWHM ) is directly proportional to (g 0 )
, where f m denotes the modulation frequency, ∆ν represents homogeneous linewidth, g 0 is single-pass integrated gain, and δ denotes the on-to-off modulation depth. The insufficient backward-injection power from the DFBLD thus could not effectively deplete the gain of the SOA, which fails to induce sufficient modulation depth δ in the SOA for perfect mode locking. The threshold backward-injecting power required for initiating mode locking of the SOAFL at 1 GHz is 5.5 dBm, as illustrated in Fig. 2 . Perfect mode locking of the SOAFL is achieved when the DFBLD injecting power increases to 9.5 dBm, producing a pulse width and a peak power of 29 ps and 8 mW, respectively. Figure 3 shows the measured and simulated pulse trains of the mode-locked SOAFL at a repetition frequency of 1 GHz. The mode-locked pulses build up at the moment of largest gain (corresponding to the time of lowest sinusoidal-wave injection power in the SOA). Reducing the DFBLD injecting power or increasing the SOA gain generally results in decreased gain depletion of the SOA, which is detrimental to the buildup of mode locking. Consequently, the modelocking pulses are shifted significantly closer to the time of minimum DFBLD injection. Conversely, an increase of the DFBLD injection power (or a reduction of SOA gain) eventually leads to a shorter pulse width. Therefore, sufficient gain-depletion time (by enlarging the duty cycle of backward injection) and short gain-recovery time (by use of a SOA) are essential for mode locking the SOAFL. Figure 4 shows the pulse width of the SOAFL mode locked at several repetition frequencies. The corresponding spectra of the modulated DFBLD and the mode-locked SOAFL at a repetition frequency of 5 GHz are shown in the inset. The mode-locking pulse shapes and the corresponding sinusoidal-wave-injection waveforms were also measured and are shown in Fig. 5 . With the all-optical cross-gain-modulated SOA-based loss modulator, the shortest mode-locked pulse width recorded to date, 12 ps at a repetition frequency of 5 GHz, is reported for the first time to our knowledge. This pulse width is also shorter than those reported (21 ps) in similar systems in which pulsed-laser-diode-modulated SOAs were used [13] . Notably, a higher modulation power is essential for obtaining the same gain-depletion depth of the SOA at higher repetition frequencies, because the modulation bandwidth of the DFBLD used in this experiment is approximately 5 GHz. This limits the implementation of the proposed system to higher-harmonic frequencies. Reviewing these results reveals that the backward-injecting power is critical for the cross-gain-modulation-induced mode-locking technique and strongly affects the gain-depletion condition of the SOA.
Backward pulse injection
Optical pulse modulation has also been employed to periodically deplete the gain of SOAs. This is done by backward injection of the SOA with a gain-switched DFBLD pulse train (Fig.  6 , dotted curve; t FWHM = 55 ps) that is neither amplified nor pulse compressed. The backward injection of such a short optical pulse depletes only the gain of the SOA at a relatively narrow duration, leaving significant residual gain in the SOA within one modulating period. As a result, a mode-locked pulse is generated but contains a long pedestal in the falling part, which results from the excessive gain of the SOA in the remaining duty cycle. One cannot eliminate this nearly steady-state pedestal behind the mode-locked pulses, even by optimizing all the other system parameters. Additionally, significant relaxation oscillation is observed following the mode-locked pulse, in agreement with the theoretical simulation, as shown in Fig. 6 . A characteristic frequency of 10 GHz for the SOA used in our system is also determined by
, where τ n and τ p are the carrier and the photon lifetimes, respectively, in the SOA, J represents the driving current density, and J th is the threshold current density of the SOA. The theoretically simulated pulses have shorter pulse widths than the experimental pulses because the SOA gain is assumed to be fully depleted during the duration of pulsed injection, and the simulated gain constant of the SOA-based loss modulator is slightly smaller than the experimental constant. By comparison, the present implementation indicates that the SOAFL that is mode locked by a backward optical sinusoidal-wave-injected SOA exhibits a better mode-locking capability than that by a pulsed-injected SOA when the SOA is nearly transparent. This facilitates the generation of a pedestal-free mode-locking pulse from a SOAFL. Although the short DFBLD pulse helps to produce large gain depletion of the SOA in a short temporal duration, it is hard to achieve perfect mode locking if the gain-switched DFBLD power is insufficient (without amplification). To view the different pulse widths of a DFBLD at sinusoidal-wave-modulated and gain-switched DFBLD modes (500 and 50 ps, respectively), one needs to determine a lower limit on the gain-depletion time for mode locking of the SOAFL (as we discuss in Subsection 4.4 below).
Effects of SOA gain and injection pulse-width detuning
To further improve the mode-locked performance of SOAFLs we analyzed the effect of SOA gain and backward-injecting pulse-width detuning on the reduction in pedestal amplitude of a mode-locked SOAFL pulse. As the current of the SOA is detuned from 120 to 80 mA, one can suppress the pedestal amplitude by decreasing the driven current of the first SOA, which had been backward injection modulated by the gain-switched DFBLD (see Fig.  7 ). The pedestal is completely eliminated when the current of the SOA is decreased further to 65 mW. Additionally, the smaller driven current of the SOA also helps to reduce the modelocked SOAFL's pulse width. The theoretical simulations coincide well with the present experiments, except for some deviations between the measured and calculated relaxation oscillation frequencies at different driven currents of the SOA. This deviation is attributed to the difference between the simulated and the real carrier densities in the SOA, which dominate the relaxation oscillation frequency. Nonetheless, these simulations have shown that the peak power of a gain-switched DFBLD with an extremely short pulse width must be sufficiently high to suppress the excessive gain of the SOA. Backward injection with a highpower gain-switched laser is also an alternative approach to pulse-width shortening. Otherwise, the duty cycle or the magnitude of the SOA gain must be reduced because backward injection of a low-power and short laser pulse is unavailable to consume the surplus gain in the SOA. Unfortunately, this approach simultaneously attenuates the peak power of mode-locked pulse. Therefore we realize that the backward-injecting pulse width has played an important role in the pulse shaping of a mode-locked SOAFL. Furthermore, theoretical analysis has demonstrated that the pedestal width is strongly correlated with the backwardinjection pulse width. The pedestal of a mode-locked pulse disappears with the arrival of a DFBLD pulse, as shown in Fig. 8 . As the pulse width of the DFBLD increases from 50 to 130 ps, an increase in the off state (from 176 to 409 ps) between adjacent mode-locked SAOFL pulses is experimentally observed. Notably, the deviation between the theoretically simulated and the experimentally determined results is attributed to the different shapes of the ideal Gaussian pulse (used for simulation) and the gain-switched DFBLD pulse. A sufficiently large pulse width of the backward injection thus is thus essential for inducing a sufficient gain-depletion window in a SOA for perfect mode locking.
Correlation between gain-depletion width and mode-locking performance
A novel experiment to determine the minimum gain-depletion width required for mode locking the SOAFL is demonstrated, which analyzes the SOAFL pulse trains generated by the backward injection of an optically digital-TTL pattern modulated DFBLD that uses different duty cycles. As illustrated in Fig. 9(a) , the gain of a SOAFL is depleted when the optical word pattern from the DFBLD is in the on state, which subsequently recovers as the optical word pattern turns to the off state. The SOAFL can be mode locked only when the gain of the SOA overcomes the cavity loss of the SOAFL and resumes its maximum value. The gain recovery cannot be achieved once a strong gain-depletion is introduced by continuous on-state patterns, which eventually suppress or even destroy the mode-locking process. That is, mode locking starts up following the long-term recovery of the SOA gain while no patterns are injected. This phenomenon indicates that excessive gain depletion may also influence the gain recovery of the SOA and lead to imperfect mode locking. Nonetheless, a short gaindepletion time cannot produce a sufficient modulation depth to build up mode locking in a SOAFL. Meanwhile, the excessive gain depletion associated with shorter gain recovery time produces a sufficient modulation depth to inevitably destroy the mode-locking mechanism within one period, as can be seen from Fig. 9(b) . Experimentally, the period of the 1-GHz repetitive TTL pattern (which encodes the DFBLD) is sliced by use of various word patterns generated at 8 Gbits/s. This procedure causes the DFBLD's pulse width to increase from 125 to 875 ps in increments of 125 ps. For example, the smallest width of the TTL-encoded DFBLD word pattern (10000000, 1-on-7-off) is 125 ps, as shown at the right in Fig. 10. Figure 10 , left, shows various pulse trains of a SOAFL that has been mode locked at the corresponding DFBLD (right) patterns with different duty cycles. Measuring the peak power of the mode-locked pulses reveals that the mode locking does not build up when the gain-depletion time is shorter than 250 ps because there is insufficient modulation (or gain-depletion) depth at such a low backward-injection power. A suitable range of 400-600 ps to obtain higher peak power in mode-locked pulses is suggested. The optimized gain-depletion time is 500 ps (11110000, 4-on-4-off) at a repetition frequency of 1 GHz, which correlates well with the result when a sinusoidal-wavemodulated DFBLD is used. As the gain of SOAFL becomes fully depleted during backward injection (the gain-depletion time approaches a full modulating period), the mode-locking mechanism of the SOAFL is destroyed. To initiate mode locking in such a backward-opticalinjection-modulated SOAFL requires a gain-depletion width of >250 ps within a 1-GHz repetition period. 
Conclusions
The harmonic mode-locking dynamics of an optical backward-injection-modulated SOAFL has been investigated. The effects of gain-depletion time and modulation frequency on the mode-locked pulse shape and power have also been theoretically analyzed and experimentally demonstrated. It is much easier to use backward-sinusoidal-wave modulation than gainswitched modulation to initiate harmonic mode locking in a SOAFL, because the former generates pulse widths as short as 12 ps at 5 GHz. The effects of gain-depletion time and gain-recovery time on the buildup of the mode-locked SOAFL pulse-train have been elucidated, and the sinusoidal waveforms were found to be suitable for mode locking. The difficulty in mode locking a SOAFL by injection of an optical short pulse has also been demonstrated and explained; it was attributed to insufficient gain-depletion time (as well as to insufficient modulation depth). By reducing SOA current and increasing the pulse width of external injection, we theoretically fitted the mode-locked SOAFL pulses to interpret the origin of pulse degradation. The analytical results indicate that SOAFLs that are mode locked by optical backward-sinusoidal-wave-injected SOAs exhibit better mode-locking capability than does a pulse-injected SOA when the SOA is nearly transparent. The optical backwardsinusoidal-wave injection of a SOA also facilitates the generation of a pedestal-free modelocked pulse from a SOAFL. To further analyze the buildup dynamics of the mode-locked SOAFL with different gain-depletion times, we used a TTL-encoded DFBLD with various duty cycles for injection of the SOA. The minimum gain depletion time for starting the mode locking in a backward-optical-injected SOAFL was determined to be 250 ps. Finally, the optimized gain-depletion time required for mode locking the SOAFL was observed to be 400-600 ps.
